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Let D, be the functional given by Dyf = f'(0) on CY(—1, 1). Let I1, be the set
of polynomials of degree not exceeding » and let M, be the polynomial inter-
polation to f at a given set of points x,, x;,..., X, . We approximate D,f by
DM, f. This is called a numerical differentiation formula. We study the point-
wise convergence of D M, to D, for two choices of the set of points: for equi-
spaced points and for the extrema of the Chebycheff polynomials.

Let C = C[—1, 1] be the Banach space of continuous real-valued func-
tions on the interval [—1, 1] with the Chebycheff norm and let C; denote the
space of i-times continuously differentiable functions. By numerical differen-
tiation we mean the replacement of the derivative evaluated at the point zero

by the approximate expression
Dyf ~Ff = Z o f(X3),
i=1

where 1 =l x; < xy < " < x, << I and the «; are real. This will be called
a differentiation formula. The justification of the term “approximate” lies in
our demand that Dyf = Ff for all polynomials f of degree not exceeding
n—1

FP — D,P, Pell, .

Given the points x,, this determines the coefficients «; uniquely. In fact,
if K is any functional defined for all polynomials and if x;, i == 1,..., n, are
given, then the equality

n
KP =3 oP(x))
i1
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for all P ell,_, determines the coefficients uniquely. Let L, ; (X, ..... X, ; X)
be the Lagrange interpolating polynomial:

L;ell, .,
Li(Xy 5oy X0 X)) - 05, i j=1,.,n
Then
oy = KL{Xx1 4oy Xp 3 ). (1)

We will consider two choices of the nodes {x,;. The first is the easiest
choice made using information neither on the functional to be approximated
nor of the set on which the approximation is exact. This is

x; = i2m, i 0, +1,..., +m. (2)

The second choice is the set of extremal points of the Chebycheff polynomial
of degree 2m — 1, To,_, -

If we let
Tom_1(x) == cos{(2m — 1) coslx}, —1 << x =1,
and
o (i + m) L )

X, == c S 1 ° I = m, —m + 1,..., —1

X, - 0, (3)
. —

X, - - cosw. P==1,2,..,m
2m — 1

then the x;, i == 0, are the extrema of T,,, ; and

T2mf—1(x1') - (_1)“7"1‘717 I = M., *~l,

sz ~1(~xz‘) - (_])Z H", [ == ],..., m.

In either case, the functional

H

F2m - Z a‘iL:(‘i H] (4)

i=—m

where the L, are the point evaluation functionals, which reproduces D,
exactly on I1,,, , has coefficients given by (1) if we replace K by D, .
As a functional on C,
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It turns out that the choice of the Chebycheff extrema minimizes the norm of
F,,, among all choices of nodes. As a consequence, this choice yields a differen-
tiation formula which is the least sensitive to uncertainty in the given informa-
tion f(x;). For more detail on this aspect see Pallaschke [4].

It is another aspect, however, which is of primary interest to us, namely,
the convergence of F,,(f) to f'(0) as m increases.

Pallaschke, [3], has proved that the differentiation formula with the
ChebychefT nodes (3) converges to f'(o) for any f which is twice continuously
differentiable. We will show here that this formula even converges for once
differentiable functions. We then compare this behavior with that of the
differentiation formula with equi-spaced nodes (2) which are worse behaved.
1t is shown that for equi-spaced nodes the formula also converges for three
times continuously differentiable functions but diverges for at least one func-
tion not in this class.

The following three theorems represent our main results.

THEOREM . Let

Fal£) = Y b L 0 3 53) Lo f 0, )

where the x; are the Chebycheff nodes (3). Then for all fe C[—1, 1],
F2m(f) ___)f/(O)

for m — co.

THEOREM 2. Let F,,, be given as above, however, with

x; = i[2m, i= —m, —m-+1,.., m

Then
Folf) = F1(O)

Jfor any f satisfying the Dini-Lipschitz condition for its derivative:

w(f’, Y logn—0.

THEOREM 3. Let F,,, be as in Theorem 2. Then there is some f € Ci[—1, 1],
so that

Foul ) #>1(0).

One may resume these results in saying that the numerical differentiation
formula for equi-spaced nodes is really worse than that for Chebychefl nodes
but not so bad after all since it converges for functions satisfying a relatively
weak condition on the derivative.
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We begin a general analysis of these differentiation formulas following,
in part, Pallaschke [3]. In the equi-spaced case,

d

0 = E L2m,i(x—m seees Xm 5x) 1.’1‘=0

d m (‘X o Xj)
dx H (x; — x3)

J=—m r=0
i
Tom -1 m
- [ IT G — X_i)] IT x
J=—m J=—m
o 20,4
for i 0, and oy = 0.
Setting in the values for the nodes
=0
, (6)
m 1 .
I
j < -nt I - /
];éo i

For the case of Chebycheft nodes, we use the following representation of
Lagrange interpolant to the function f at the Chebycheff nodes, which can be
found in Rivlin [5].

M2m l(f )C) - (2m - ]) l - )Cz) T‘)m 1(")
(=D AV i (—1)i+1 Fy)

T2 T2 =D LA, (x—x)

m—1 )
Z( f(X’}) !

Thus

M;m~1(f; X) ‘r:-ﬂ
- 2m — D T35, 4(0) 1f(—l) — f() + Z (—

i=-mel

5= f(xj)
[y+1 —,

-1 (’C)?
AR
@ = )R T 1<0)§~f D+ 31
: J(xy)
— 1)+ J
j:;z—rl( ) ’
¥ 1),f(v,)2

i=1
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Since
T;m 1(0) = (2]’}’2 —_ l)(__ ])m »1’
’m 1(0) — O \
Mo () g = @m— DT LA
m-1 f(_x ))

Z‘ (_.j )i+
i=1 s
Now we use the fact that Ly, ;. is a polynomial of degree 2m — 1 itself

and so
A[:Zm—fl(l“zm 14 X) - L'val,i(x)'

Since
LZm 71,'17(-)61') - Sij

and since
Ay Lém 1,i(0)~

we get
Xom xl,(2l’}1 e l)“l(_ 1)771’
o= (2m — 1) (—1)i X i= —m-= 1, —m-+ 2., ~1,
ng = 0,
‘ (N

N 2m— DT (=D = L 2, m—
x, o= 2m — DT 1)

Now using (3), we have an explicit formula for F},, :

F.Zm(f) = (2]7] — ])*]

H=Dm (=) A+ (=D f ()

+ i (—1) [cos %] f[ cos t(;lJr m)]

i=—mil — 1
ot ; i+ m-- 1)1 7r(1 +m+ 1) (
5t o T D] T

Note that we have interpolated from /1, because L,,, ; (0) == L;,, (0)
and so the numerical differentiation formulas from I1,,, and I1,,, , are the
same.

In order to prove Theorems 1 and 3, we consider not the functionals
F,, but rather the composition F,,.S of F., with the operator of integration
&x
Sy = [ f(r) .
Yo

We do this because of the following lemma:

640/30/1-35
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LEMMA 4. Let T, be a sequence of functionals on C[-—1, 1].

Then
Tn(.f) i .f /(0) ( 8 }

Jfor all fe C, if and only if
T2 > P'(0) (9)
Sfor any polynomial P and there exists an M - 0 such that
1TSS = M, nol, 2, (10)
Proof. Necessity: Let fe C. Then Sfe C; . Thus
TASS) = (SF)(0) - f(0).

An M satisfying (10) exists since point-wise boundedness implies uniform
boundedness. Obviously (9) is satisfied also.
Sufficiency: Assume (9) and (10) and let £ SQ, where @ is a polynomial.
Then
(ry$)e  T,p ~P(O) - 00).

By the Banach—-Steinhaus theorem again, we may conclude that
(T,LS)[‘.{ - g(o)

for any g = C, since the polynomials are dense in C. But any fe C; may be
written as /' - Sg for some g € C, so that

Tnf - g(o) - j/(o)

In considering the convergence of differentiation formulas, we can thus, by
using Lemma 4, restict ourselves to the functionals 7,S. Note also that this
lemma is independent of the nodes.

Now, also for both our choices of nodes

i ¥t

(F.lu/S).f o }_, \I(Sf)(\) -3
/(. l;” /‘1. Y(;:/

1 o m

3 ][ ( > ) fleydr

m

o

2T

drt

(/ f}; in\)f([) dt

4 1 ( 3 :,\_/)f(r ) di
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and so
-1 “i
CFoS 2 (x; - Xi—])\ }_ Oy
Pco-epet 1 J/;:)
He I /l ]
I (xp — X ) Z o | Z (x; — x;4) l REE
j=1 i1 j=i !
Now since the F,,, are exact on [1],,, ,
m
Fo (1) = Z a; == 0.
J=-—m
From (6) and (7), we see that
(\'——j = ‘-'(Y‘,' .
Because
X_j = Xy,
‘ " " )/7‘ '
FouS :2),\1 P, —}—Z(x,-—x,-ﬂ’iaj - (11)
L Je=1 i=2 Ui K

We want to continue with exact formulas for |' F,,S Il To do this, we show
that

o( ¥ (xj) —o(y) = (=), P= 1,2,
=i
First we observe that for Chebycheff nodes,

pog | > gy |, J=1,2,..m—1,

and that the «; alternate in sign. This is clear from (6). For the equi-spaced

case, we consider
Oppr ( i )( n—i )
o i+ 1/ \ni-=17

Since both factors of the right hand side are smaller than one, here also the «;
decrease in absolute value with increasing j and alternate in sign.
By re-grouping,

K

Z % = (o + ) (e b owgag) o

j=i
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one sees that

0'( Soay) o) - (1YL PO, (1)
and
‘ A N | = Z X j VAN {13
ini
Thus we can write
F,S =2 ;xl Yoy Y (= x )=y 1,,:. (14)
o 2 ii
We are now ready for the
Proof of Theorem 3
Now x; - 1/2m so that
F, Sl - J,A)( m o % (— )it ,Z” \/
. 2he m ( bt ) 7/_‘2 &~ .I~
- ;,1,, g‘ (fl)'ivl i o
m = Pl
l th i 7L ) . A
) m; -"'.i(/LJ =1y l)
iz .
- 1 i o ! (1 + (=1
m = ) ‘
L
T — RS P L
pp L e

= Ny, OF 4y ).

The last term is «x,, or «,_; depending on which ever index is odd.

Note that this formula is exact. It enables us to obtain upper and lower
bounds on || F5,,S .

Obviously

}_, |O"z‘ < l“ ]:tzm
i odd
0

Since | o | = Lo

- - - '
sl = ooy,
}_‘ I Xyl >__ | &
(] i)
L odd even
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and because
éHF‘Z"l H - 2 Iai E

0

1 .
z \OL,! >4‘ F;]mw
>0

i odd

Upper and lower bounds for || £5,,S || are thus
(4"/’)‘1 H FZm H < “ anzS ) < (2”7)~1 H Fzm i
From the explicit formula for «; ,

m mm—1)-(m—i-+1)

o = (“I)MT(m +Dm +2) = (m—1i) ’

it follows that for fixed i,

as m — oo. It follows immediately that

1

_— H F2m 1 —» 00 as m — o,
m

From Lemma 4, we may conclude that there exists an f'e C; for which
Fouf - 1'(0)
which concludes the proof.

Proof of Theorem 1
Using (13) and (14),

‘ E)‘mSi! < 2 gxlal + Z I X — Xia I ’ &y ‘:

g 1 ¢ O —xy) |
<2](2m~1),\‘, +Zz (2m~l);,»2§

640/30/1-6
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Since x~? falls monotonely,

o Xi X Comdx
RS
Hence
2 (2 i 4
A SR Y RSN
2 =Ty, NS m STy
Now
v, ¢ — cos T sin 7
e m -1 Mom =1

For 0 <C x = 4,

Sin X =2 X — x36

from which

o 22m ) 1 - G A] - H2Zm—1)
AL b 242m — 12 ® 7 )
Thus
i [:2mSi = lb
K

which together with Lemma 4 proves Theorem 1.
To prove Theorem 2, we find an upper bound for | £,,, . We can use the
previous formulas for «; in the case of equi-spaced nodes to obtain

and
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Thus
[ Fal = 3 ;| < 2mlogm

i—m
and so

U FZm (zm)»l ‘| F2m “ lOg m.
Now we may use the triangle inequality in the usual way

[ Fonf — 1 =1 FanS — [l
“/\: HFQWLS(f! - P:?.m-l)” ﬁj- H P2mf] 7.}“ ‘i
= {H F2mS :I -+ l} “ P2m*1 Af/ “

Thus
: F_sz_, f, i \; ‘lH FQWLS“ ’1" l: ) lnf ‘ f P‘Zm——rl i

Pym_y

({ E‘.zrnfl(f,)(log m T’ l)

If /' satisfies the Dini-Lipschitz condition, then F,,, f converges to f'.

In concluding, it is perhaps of interest to compare these results, which show
convergence at a point, with a recent result of Haverkamp [1] who analysed
the uniform convergence of the differentiation formula for Chebycheff nodes.
He obtained

THEOREM 5. Let P, (f) be the polynomial in I1,,, which interpolates f at
the Chebycheff nodes. Then for fe C,

= P (O < 4In2m 4 2] sy ([,

where
En(f) g}}%f' P
is the degree of approximation to f from 11, and | - || is the uniform norm.

If we know that f’ € Lip « for some « > 0, then

EAf) = Mn™

for some M = 0. Thus P,,(f) converges to f' uniformly, If, however,
nothing is known about f’ other than that is continuous, P, (f) need not
converge to [’ since E,,,(f') may decrease arbitrarily slowly. Theorem 1 shows
that even for arbitrary functions in C; , convergence at a point is possible.
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